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Abstract

In the context of Bayesian statistical analysis, elicitation is the process
of formulating a prior density f(-) about one or more uncertain quantities
to represent a person’s knowledge and beliefs. Several different methods of
eliciting prior distributions for one unknown parameter have been proposed.
However, there are relatively few methods for specifying a multivariate prior
distribution and most are just applicable to specific classes of problems
and/or based on restrictive conditions, such as independence of variables.
Besides, many of these procedures require the elicitation of variances and
correlations, and sometimes elicitation of hyperparameters which are diffi-
cult for experts to specify in practice. Garthwaite, Kadane and O’Hagan
(2005) discuss the different methods proposed in the literature and the dif-
ficulties of eliciting multivariate prior distributions. We describe a flexible
method of eliciting multivariate prior distributions applicable to a wide class
of practical problems. Our approach does not assume a parametric form for
the unknown prior density f(-), instead we use nonparametric Bayesian in-
ference, modelling f(-) by a Gaussian process prior distribution. The expert
is then asked to specify certain summaries of his/her distribution, such as the
mean, mode, marginal quantiles and a small number of joint probabilities.
The analyst receives that information, treating it as a data set D with which
to update his/her prior beliefs to obtain the posterior distribution for f(-).
Theoretical properties of joint and marginal priors are derived and numerical
illustrations to demonstrate our approach are given.

Key words: Elicitation, expert, analyst, Gaussian process, prior distribu-
tion.



1 Introduction

In any practical statistical analysis there will always be some avail-
able form of knowledge about the issue apart from the experimental data,
and Bayesian inference allows one to use this knowledge in the form of a
prior distribution to achieve a more informative posterior distribution. Prior
information is often sought from subject matter experts, and the process
of obtaining that information and expressing it in the form of a probabil-
ity distribution is known as elicitation. Despite the fundamental role that
prior information plays in the Bayesian approach, much published Bayesian
analysis employs 'noninformative’ prior distributions without explicit con-
sideration of any available prior information. This can be justified when the
data are extensive, because sufficiently strong data will generally overwhelm
any contribution from the prior distribution. However, another reason why
genuine prior information appears to be so rarely used in practice may be
the fact that elicitation is not a simple task, and techniques for accurate and
reliable elicitation of expert knowledge are not readily available or widely
known.

Note that the elicitation of the expert’s beliefs in the form of probability
distributions does not have to be thought of as ’prior’ to some experimental
data. O’Hagan (1998) presents two examples that illustrate this situation.
In his second example, there is no practical possibility to obtain any ex-
perimental data after the elicitation is carried out. The expert’s opinions
are neither ‘prior’ nor ‘posterior’ but just represent the available knowledge
of the experts at the time. Probabilistic risk analysis is an area that has
made important applications of elicitation in this sense. Some examples of
elicitation in risk analysis are given by Cooke (1991).

Garthwaite, Kadane and O’Hagan (2005), O’Hagan et al (2006) and
Wolfson (1995) provide good reviews of elicitation concepts and the ap-
proaches proposed in the literature. A variety of methods for specifying
opinions have been developed for unidimensional prior distributions. How-
ever, practical statistical models invariably contain many unknown param-
eters, and it is usually important to obtain the expert’s information about
several parameters. Yet there are few methods for specifying a multivariate
prior distribution. Furthermore, most of these methods are just applica-
ble to specific classes of problems, or rely on restrictive conditions such as



independence of variables, or else require the elicitation of variances and co-
variances. It is known that experts are not generally able to specify second
order moments reliably (Kadane and Wolfson, 1998). This has motivated us
to propose a more flexible method of eliciting multivariate prior distributions,
that is applicable to a wide class of practical problems.

We consider the elicitation of a single expert’s beliefs about some un-
known continuous random vector @ =(0y, 05, . . ., ;). An expert is a
person who has background in the study area and enough knowledge to an-
swer questions related to 8. The objective of the elicitation is to identify
the underlying continuous density function f(@) that represents the expert’s
beliefs.

It is assumed that the expert can state certain summaries of his/her
distribution, such as the mean or percentiles, and can make probability judge-
ments about @ directly. It will often be necessary in practice to give training
in these tasks (Alpert and Raiffa (1982) and Chaloner et al (1993)).

In most of the elicitation methods proposed in the literature, some
convenient parametric form of the expert’s prior is assumed to represent the
unknown parameter @; a conjugate prior is usually chosen. Based on the
expert’s assessments about @ the hyperparameters of this prior are evalu-
ated. Some examples of this are Al-Awadhi and Garthwaite (1998; 2001),
Garthwaite and O’Hagan (2000) and Chaloner et al (1993).

The approach proposed here is a multivariate extension of Oakley and
O’Hagan (2007). We do not assume a parametric form for f(6); instead it
is considered a random function f(-). In Bayesian nonparametric inference,
a prior distribution for f(-) is then needed. To clarify this, we distinguish
between the expert, whose probability density function for 8 is f(-), and the
analyst, who is the person who elicits the expert’s knowledge with a view
to identifying f(-). The prior distribution for f(-)will express the analyst’s
personal prior beliefs about f(-). The role of the expert and analyst, and
the nature of the analyst’s prior information are discussed in Oakley and
O’Hagan (2007). For convenience, we follow the convention that the expert
is female and the analyst is male.

The expert provides various summaries of her distribution, such as the
mean, mode, marginal quartiles and some joint probabilities. The analyst
then uses the expert’s stated summaries as data to update his prior and
obtain his posterior distribution for f(-). The analyst’s posterior mean can
then be offered as a ‘best estimate’ for f(-), while his posterior variance
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quantifies the remaining uncertainty around this estimate.

We emphasize that our focus, as in Oakley and O’Hagan (2007), is on
the analyst’s Bayesian inference about f(-). The analyst’s data are in the
form of elicited summaries from the expert, representing her beliefs about
0. It may be that f(-) will be used as a prior distribution in some other
Bayesian analysis to make inference about 8, but equally it may be elicited
for some other purpose such as a probabilistic risk analysis. We will refer
to f(-)simply as the expert’s distribution, and any references to prior and
posterior distributions concern the analyst’s beliefs about f(-).

A very useful and flexible distribution to represent the analyst’s prior
beliefs about f(-)is the Gaussian process. Gaussian process models have
been used in a wide variety of contexts to make inference about unknown
functions and several properties and examples of its use are given in O’Hagan
(1978), O’Hagan (1991), Neal (1999), Kennedy and O’Hagan (1996), Oakley
and O’Hagan (2002).

The Gaussian process avoids forcing the expert’s beliefs to fit a spec-
ified parametric family. Instead, it gives prior support across the space of
all density functions, and so allows the true f(-) to have any form at all.
Although we formulate the prior distribution with an expectation that the
expert’s distribution will approximate to a member of a parametric fam-
ily, given enough elicited summaries from the expert the analyst’s posterior
distribution will converge to the true f(-), no matter how far that may be
from his prior expectation. Furthermore, the analyst’s posterior distribution
explicitly quantifies the uncertainty around the estimate of f(-), given the
(typically small) set of summaries elicited from the expert. Posterior distri-
butions of marginal densities, cumulative distribution functions and moments
derived from f(-) can be easily obtained.

This paper is structured as follows. In the next section we describe the
analyst’s prior beliefs about f(-). Section 3 describes the expert’s data and
Section 4 derives posterior inference about the expert’s density. In Section
5 we present numerical illustrations of our procedure, while some conclu-
sions are offered in Section 6. Proofs of posterior distributions for marginal
densities, cumulative distribution functions and moments are given in the
Appendix.



2 (Gaussian process as prior representation

for f(-)

We assume that the expert’s prior density is a relatively smooth func-
tion f(-): R* — R of an unknown continuous random vector 8 =(6,, 0y, . .
., 0r). We will model a nonparametric prior for f(-) hierarchically in terms
of a vector a of hyperparameters. An appropriate choice to represent the
analyst’s prior beliefs about f(-) is a Gaussian process, which we denote by:

f() ]~ GP(g(),0*C(-, ) 1

where the mean and covariance functions

E{f(0)|a}=9g(8)  Coulf(8), f(d)| o] =0°C(0,9) (2)

depend on the hyperparameters c.

The mean function expresses the analysts’s prior expectation that the
expert’s distribution will be smooth, unimodal and roughly symmetric. Specif-
ically, the analyst’s prior mean is a multivariate normal distribution:

1 -1 1 ty—1
9(68) = o 51® bexp{=5(0 —m)'= (0 —m) } (3)

where the hyperparameters m and X are components . However, the model
is nonparametric and allows the true f(-) to have any form at all. In practice,
the analyst may feel that the expert’s distribution would approximate better
to a member of some other parametric family. For instance, if @is a vector
of positive random variables a good choice for g(-) might be a multivariate
lognormal density, if f(-) may be expected to have a heavy tail then g(-)
could be a multivariate t-Student, a Dirichlet distribution could be used if
0is a vector of proportions, and so on. The basic theory developed here
would apply in all of these cases, but we assume the multivariate normal
distribution here because it will often be appropriate and because it allows
certain integrals to be evaluated analytically.



We now need to choose a form for the covariance function. Equation (1)
expresses this in terms of a common variance hyperparameter o2, controlling
how closely the true density function will follow the analyst’s prior mean g(-),
and a scaled covariance function C(-, -). However, it would not be realistic
to set C(0,60) = 1 for all 8, because in practice the variance of f(-) would
not be the same for all €. In general, where the analyst expects f(-)to be
smaller his prior variance should be smaller in absolute terms. Based on
the above considerations, and following Oakley and O’Hagan (2007), we let

C(0,0)=g(0)g(¢)c(0, @), and hence

Cov[f(8), f(p)|a] =0*C(0,¢) = o"9(0)g(¢)c(0, B). (4)

This corresponds to modelling the ratio r(0) = % as a stationary
Gaussian process with a constant mean 1 and covariance function Cov[r(8) , r
(@) | @] = 02c(6, p), where c(-, -) is a correlation function satisfying c(0, )=
1.

The function ¢(8, ¢) should express the analyst’s belief that the ex-
pert’s density function f(-) is smooth, so that (@) and r(¢) will be more
highly correlated the closer 0 is to ¢, according to some appropriate metric.
A useful and widely used correlation function c(+, ) in Gaussian process mod-
elling is ¢(6, @)= exp{—1(0 — ¢)'B~*(0 — ¢)}. This form ensures that the
covariance matrix of any set of observations of f(-) or functionals of f(-))is
positive semi definite, and that f(-) is infinitely differentiable with probabil-
ity 1. It also has convenient mathematical properties, which together with
(3) allows some necessary integrals to be evaluated analytically. The matrix
B describes how rough the true prior density f(+) is in each dimension of the
input 8. We again follow Oakley and O’Hagan (2007) in arguing that the
expert’s belief that the shape of f(-)will approximate to that of the para-
metric family ¢(-) may be represented by assuming that B = b3. Thus, we
formulate the covariance function as

1

(0. 9) = exp{

(6-¢)=7(0-9)}. (5)

The hyperparameters of our model will be represented by a =(m, 3, b,
0?) and the hierarchical model is completed by formulating the analyst’s
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prior distribution for m(a) to reflect his prior beliefs about the unknown
hyperparameters a.

As discussed by Oakley and O’Hagan (2007), the analyst’s prior infor-
mation should be restricted to generic information about the kind of density
functions that the expert is likely to have, rather than any context specific
information about @ which would interfere with the objectives of eliciting the
expert’s knowledge. In particular, we express non-informative prior distribu-
tions for m, ¥ and o2 via

1 1
() oc 5 |STHE ), (6
where 7, (b) is the analyst’s prior distribution for b. Oakley and O’Hagan
(2007) point out that using a non-informative (improper) prior for b could

lead to an improper posterior regardless of the data observed. We follow
their proposal of a lognormal prior

logh ~ N(0;1) (7)

and therefore 7,(b) represents this informative prior.

3 Data supplied by expert

Clearly, it is unreasonable to expect the expert to be able to state
values of her density function at various values of 8. Thus it would be more
reasonable to ask for probabilities such as P{@ € A}, where A is a region
of parameter space ©. Since f(-) has a Gaussian process, the distribution
of Py = P{0 € A} = [, f(0)d@is Normal with mean and variance given,
respectively, by

B(Pale) = [ Ni(6]m.z)io (®)

and



cov [PA, P+

o] = (;5)" [ [ vat@ sy 051006 )

where the integrals represent probabilities of k- and 2k-dimensional multivari-
ate normal distributions with means m and M =(m', m")" and covariance
matrices X and

by 1y +b 1
S = {ibz %_1;;2} = {ib %_ﬂ;} ®X, (10)
2+b 2+4b 24b 240

respectively, with ® denoting the Kronecker product. Equations (8) and (9)
are proved in the Appendix Al.

In general, P, is a joint probability, which may also not be easy for the
expert to specify. However, if Ais a cylinder set, P, is a marginal probability,
which will usually be easier to specify. Marginal probabilities may also be
specified implicitly as marginal quantiles; for instance, by specifying that
uis the upper quartile of her distribution for #,, the expert implies that
Py = 0.75, where A =(—oo,u)xR*~1. We will illustrate in Section 5 how
in practice we can obtain good results by eliciting marginal probabilities
supplemented by a small number of joint probabilities. It is also possible
to incorporate elicited values for means or other moments, and also modes,
within our framework (Oakley and O’Hagan, 2007), but for simplicity we
assume that the elicited summaries from the expert comprise a data set
D = (Py,..., P, where P; is the expert’s assessment of the chance that
0c A,

Since we know that f(-) is a proper density function, we include this
in D by setting one of the A;s to be R* and giving the corresponding P; the
‘elicited” value of 1.

Conditional on «, D is normally distributed with mean H, variance
o?W where the elements of H and W are given by (8) and (9), respectively.
Consequently the likelihood L(e| D) is given by

L(a|D) = ‘W|Qpr{—i(D—H)tW—l(D—H)}. (11)
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4 Posterior distributions

We now derive the analyst’s posterior distribution for the expert’s dis-
tribution f(-) and other quantities derived from it, such as marginal densities.
Using the hierarchical structure of the model, we will first obtain the posterior
distribution of the hyperparameters, and discuss how to compute inferences
using Markov chain Monte Carlo (MCMC) methods. We then derive pos-
terior distributions for f(-) and other relevant inferences conditional on the
hyperparameters a.

4.1 Hyperparameters o

Thus, from (11) and (6) the posterior density for a =(m, X, b, 0?) is
given by

1
2

1 |W 1 _
p(m, %, b,02| D) x m,(b)|2)] z<k+1>—26xp{—272(D —H)'W™Y(D — H)}-
(12)

ont

The conditional posterior distribution of o given the other hyperpa-
rameters can be seen to have the inverse-chi-square form

o?|m, X, b~ x ?(ns*,n) (13)
or equivalently
2
ns _
oy ?(n) (14)

where s* =1(D — H)'W~D — H).
The posterior distribution (12) can now be integrated with respect to
o?, to yield



p(m, 2.b| D) o< [S|"2ED[(D — HYW (D — H)]* W[ my(b).  (15)

The joint posterior (15) is a very complex function of m, ¥ and b, and
we cannot obtain marginal posteriors analytically. Although the analyst will
not generally be interested in the hyperparameters as such, all subsequent
inferences will be derived conditionally on these hyperparameters, and so it
is important to be able to compute expectations with respect to (15).

Because of the intractability of the joint density (15) we will employ
Markov chain Monte Carlo (MCMC) techniques to draw a large sample from
the posterior distribution of these hyperparameters. At each iteration of the
Metropolis-Hastings algorithm, each parameter m, > and b is updated in
turn by sampling a new value from its proposal function. This way, after a
proposal value my; 1) is generated from the normal distribution Nj(m ) ; V),
which it is accepted or rejected according to the usual Metropolis-Hastings
rule, then a new proposal ;1) is generated from the inverse Wishart dis-
tribution IW(d , ﬁE(i)), which it is accepted or rejected and finally a
proposal b(;;1) is generated from the lognormal distribution LN (Inbg; v),
which is accepted or rejected.

In the examples of Section 5, we ran the chain for 20000 iterations.
The proposal distribution parameters V', d and v were chosen to obtain good
mixing of the chains.

The MCMC algorithm produces sampled values of a* =(m, X,b). If
we wish to have samples of a, we can supplement each sampled a’("i) by a
value 0'(2i) sampled from its full conditional distribution (13) given a* = oy

4.2 The expert’s density function f(-)

Conditional on e, we can determine the posterior distribution f(-) | D, a
analytically using well-known properties of multivariate normal distributions.
This is because f(0) together with all the items in D have a multivariate nor-
mal distribution. First, the prior covariance of f(0) with D has elements
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Coul1(6). Pala] = Cou[1(6). [ j(@)s]a] = [ Co[f(60).1(9)|ado
(16)

= 79(6) [ al@)eap{-5;0 - @)s 0 - @) }dp (17)

using (4) and (5). After some algebra (17) can be rewritten as

cou[£(8) , P4l :02<HL2>§AN2k<(0t,¢)t)t|M, S)dgb (18)

bilyr 1 3
where M = (m!,m")" and S = |42 12 |. Therefore,
3 2y
b2 bt2
b \: b+1
_ 2 _ 7 - - * *
cou[f(8),Ps]a] = o (b”) Nk<0|m,b+22>/ANk(¢|0, m’, ") dg
(19)
where m* = m + =5(0 —m) and ¥* = b%Z. The prior covariance of f(6)
with D is then
cov[f(8), Pa, | ]
cov|f(0), Pa, | o
cov[f(0), D] o] = i )» Fac| . 72t(8). (20)

cou[(8), Py, | ol

having elements (18).
Theorem 1: After observing D distributed as D|a ~ N, (H, o?W) with
cov[D, f(8) | ] = ¢?t(0) and f(-) having the Gaussian prior distribution

given by (1) the posterior distribution f(-)| D, a is a Gaussian process with
parameters

E[f(8)|D,a] = g"(6) = g(6) + t(6)'W ' (D — H) (21)
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and

Cov[f(0),f(9)| D.a] = oC"(0,¢) = 0*[C(0, ) — £(0)' W 't(s)]. (22)

Proof: The joint distribution of D, f(0) and f(¢)is given by

D H a?W  o*t(0) o*t(e)
f@) | ~N{[9®) ], |c%0) C(6,8) CO,9)]|. (23
f(9) 9(@)) \o’t(@)" C(0,9) C(e,9)

The posterior distribution f(-) | D, ais simply obtained by conditioning
on the data set D. From (23), the conditional distribution of two arbitrary
points f(@) and f(¢) on the function f is normal, and the argument gen-
eralizes trivially to show that the posterior distribution of any ppoints on
the function is multivariate normal. Hence the posterior distribution of f
is GP(g*(-),C*(-,+)), with mean and covariance functions given by (21) and
(22). [

By integrating out o2, the conditional posterior distribution of f(-)
given a* = (m, X, b) becomes a t process. The conditional posterior distri-
bution of f(-) is

fO)| D, e ~ t:(g"(9) . 5°C*(8, 0) .n), (24)
or equivalently,
[0 -9
/0.0 ty(n). (25)

We cannot now integrate out o = (m, X, b) analytically to obtain the
marginal posterior distribution, but can do so numerically using the MCMC
sampling of hyperparameters described in Section 4.1. Given a sample a’(*i) =
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(Mm@, By, bu), © = 1,2,. . ., N of Nsets of these hyperparameter values,
we can make inferences about f(-) using two alternative approaches.

First, we can use the law of iterated expectations to compute appropri-
ate posterior moments and probabilities. For instance, one inference that will
always be of interest is the posterior mean of f(-), since this is the analyst’s
‘best” point estimate of the expert’s density. It is given by

E[f(0)| D] = E[E[}(6)| D, a"]] :/E[f(9)|D,a*]p(a*yD)da*, (26)

and may be computed from the MCMC sample for sufficiently large N as

1 N

E[f(6)|D] = % Y E[f(O)|D,a)] (27)

i=1

where E[f(0)|D, o] is evaluated from (21). Note that since the ‘obser-
vation” [, f(6)d@® = 1 is included in D this will be true a posteriori with
probability 1, and in particular the mean will integrate to 1.

This approach can be used for any inference about f(-) that can be
expressed as a posterior expectation. For instance, we can compute the
posterior variance of f(8) for any 6, or the probability that f(0) exceeds any
particular value.

The posterior covariance and variance of f(0) are estimated respec-
tively by

cov[£(8), f(¢)| D] = E[cov[(8), F($) | D,e’] | D,a’] +
+eov [E [£(6)| D,a*], E[f(¢)| D,a"]| D, @*} (28)

and

var|f(0)| D] = E[var[f(@) | D, o] D,a*] —|—va7’[E[f(0) | D, o] D,a*}
(29)
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The second approach is more useful to compute quantiles of the poste-
rior distribution or other inferences that are not readily expressed in terms of
expectations. We simulate a realization of f(-) from its Gaussian process con-
ditional posterior distribution given @ = a(;), for ¢« = 1,2,..., N, using the
approach of Oakley and O’Hagan (2002). This represents a sample from the
unconditional posterior distribution of f(+), from which any desired inference
can be computed.

In the following subsections we present the analyst’s posterior distri-
butions for various other aspects of the expert’s distribution such as the
expert’s marginal densities, joint and marginal distribution functions and
moments. This would allow the analyst to identify further features of the
expert’s density still not evaluated in order to have a better representation
of her beliefs. These inferences, in particular marginal distribution functions
and moments, will also enable the analyst to give the expert feedback. In
order to verify that the expert has provided a true reflection of her beliefs,
graphical presentation of marginal densities and probabilities derived from
marginal and joint function distributions may be provided by the analyst.
The expert would be then asked to account for any discrepancies from these
estimated data and would be given an opportunity to reflect upon the results
of the elicitation process.

4.3 Posterior distribution for marginal prior densities

The following result shows that the analyst’s posterior distribution for
the expert’s marginal density

i) = f(6)do_;. (30)

Ph—1

is a Gaussian process conditional on .
Theorem 2: Under the conditions given by Theorem 1, the marginal distri-
bution f;(6;)= f%k_l f(8)de_; ;i=1, ..., k has a Gaussian process posterior

distribution conditional on hyperparameters a with mean and covariance
functions:
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E[fi(6:) | D, ] = g7 (6:) = i(0;) + t:(0:)'W (D — H) (31)

and

Cov [fz(91>  Ji(¢) | D, 0‘} = ‘7201‘*(92‘, ¢i) = o’ [Ci(eia ¢i) — ti(ei)twﬂti(@)]

(32)
respectively, where
0(0) = ——eap{~ 5 (6~ m))"} (33)
(3 2 mo_z 20_12 (2 2 Y
b \'T
(0. 6) = (—— (0.)a: () (s . b 4
Cil00) = (575) * 9(6Ig(0)eilt:,60) (34)
with
1
Ci(0i7¢z emp{_Qb 2 sz) }7 (35)
and the elements of vector ¢;(6;) are given by
b\ b+1
) MOy 0?) | Ne(@1mi6), ) )d
(715) M@l me 50) [ N(@1mio).5)as  (30)
for each region A considered in the data set D, with m(0;)= m + 1—+b0i(¢9i -
mZ)ZZ, S: = %(E - W 122 Et) and E: = (Uli y 024y - - .70'2-27 ...,O'ki).

It’s important to point out that in practice we still need to average over
a (e.g., using MCMC).

Now, by integrating out o2 we obtain the posterior distribution of f;(-)
given a* =(m, X,b) by
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f8) 0, D ~ 1 (g:(8) , C; (6:,61) )

or equivalently

fi(0:) — g7 (0:)

sCio) .
where s = 1(D — H)'W~Y(D — H). |

Proof: See Appendix A3.

Theorem 2 can be extended to give the analyst’s posterior distribution
for the expert’s marginal distribution of any subset of the elements of @ as
conditionally a Gaussian process; see Moala (2006).

4.4 Posterior distribution for expert’s distribution func-
tions

Theorem 3: Let f(-) be a prior density distributed as Gaussian process
given by (1) and D the data set composed by the expert’s summaries. The
analyst’s posterior distribution for F(x) = [*__ f(0)d@is a Gaussian process
with

E[F(z)|D,a] = @z |m,X) + t* ()W (D — H) (38)

and

Cov [F(a:) , F(y)| D, a} =0 [C’my(az, y) — t*(m)tW_lt*(y)} (39)

where
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Cant.9) = (15) Pul(@) |115), (10)

and t*(x) is a vector with elements

/w/NQk((e, o) | M, S>d9d¢ (41)
-oo0 J A

for each region A considered in the data set D, and where ®; and ®4; denote
the cumulative functions of multivariate normal distributions with the given
mean vectors and covariance matrices defined in Section 3.

Proof: See Appendix A4. |

Again, by integrating out o2, the conditional posterior distribution of
F(-) given o =(m, X, b) becomes

F(xz) — E[F(z)| D, a]
SV Cay(@, y) — ()Wt (y)

Note that the approach proposed by Oakley and O’Hagan (2007) gen-
erates a distribution function interpolated by the probabilities elicited from
expert given in D. Indeed, from equations (39) to (41) we can show that the
posterior variance in those points is zero.

~ t(n). (42)

Suppose now we are interested in the probability that a single element 6;
of 0 takes on a value less than or equal to a number s. Consider therefore the
marginal distribution function Fj(x;) in one of the dimensions independently
from the other dimensions. This marginal distribution can be computed as

Fi(s) = F(400,4+00,..., 8,400, ...,+00). (43)
Thus, the analyst’s posterior distribution of F;(s) can be derived di-

rectly from the posterior distribution of the joint function distribution F'(x),
resulting in a Gaussian process with
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E[Fy(s)| D, o] = ®(s|my,07) + t; (s)'W (D — H) (44)

and

Cov [E(s) ,Fi(p)| D, a} = g2 [Csp(s,p) — t*(s)tW_lt;k(p)] (45)

7

where

b

H—2>§®2((s,p)|mi,0§‘/) (46)

Cop(s,p) = (

and t}(s) is a vector with elements given by

o) [ ploorsyos o

bl 1 bl 2 1y
_ _ |2 b2 _ _ | +2% b2
form; = (m;,m;),V = [i bjr_l},MZ = (m,m),S; = {iz b{@_lx] and
, b+2  b+2 b+2 bt2
t_
Ei == (Uli , 092y - -70-1‘7'--70-]%')-

4.5 Posterior distribution for moments of 6

By deriving the moments and central moments of the random variable
0, such as mean, variance and covariance, we will have information about
the behavior of 8 and therefore they can be used as measures of various
characteristics of the expert’s density f(-).

Theorem 4: Under the Gaussian process proposed by the analyst in Theo-
rem 1 the posterior distribution of the marginal moment of order r,

+oo
w" = E(6r) :/ 0 f:(6:)d0; | i=1, ... k, (48)

o0
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conditional on a, is normal with mean and variance, respectively, given by:

+00
B D.a) = [ og@)dt+ {0V WD), (19)
and
var [ugr)\ D,a] =o? [CZ-(T) — [tgr)}tw_ltgr)] : (50)
where

C.(”:< : >§/+OO/+009T¢77N2((9‘ ¢i) | mi, o7V)dbidep; (51)
i b+2/) S S T i

and tgr) is a vector o2 with elements given by

/w DN (9] m. ;) d6, (52)

—+oo

V(o) = / 07 N1 (0; | m},07%)db; is the moment of order r of normal distri-

: b+2 vty ¥2 _ btl 2 bi2yiy—ly
butlon and m; = m; + 7NN (@ —m) and 07 = FHo? — NN for
1=1,..., k.

Proof: See Appendix Ab5. [ |

The most immediate use for Theorem 4 is to give the analyst’s poste-
rior distribution for the expert’s mean value of each 6;.

Corollary 5: The expert’s mean p; = E(6;) has a normal posterior distri-
bution conditional on a with parameters

E[i| D, a] =m; + [t"]'WY(D - H), (53)
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k
2

b 1
vorlps | Dsa] = * | (35) " (i + got) = VTR )

where tz(l) is a vector with elements
b \=[ b+1 b+2 b1y, b+1
(b+2) [m’/AN’“(e'm’ )t (e m)Ni(¢]m, b+22)d¢}
(55)
Proof: This is simply the case r = 1 of Theorem 4. [

Moala (2006) generalizes Theorem 4 to give the posterior distribution
of the joint raw moments of 6y, . . ., 8y of the form

—+00 —+00
E(eg“l...e,zk):/ / 0700 £ (6, ..., 0,)d6,...db), (56)

where the r;’s are 0 or any positive integer. Although we cannot derive
the distributions for central moments, the following are obtained by Moala
(2006):

Elvar(6;)| D,a] =mi + o] + [t?)}tW’l(D —H) —

U2[<ﬁl)2>§(m?+ Ly [tgl)}tW’ltgl)} _ [mi+ [t,(l)}twfl(D ) 2
(57)

fori=1,... k.

E[CO’U(QZ', 9]) ’D, Oz] =m;m; + 045 + t;(;W_l(D — H) — [mz + [tgl)]tw_l(D — H)]
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S22 [120:0; Na((6:,6;), iz, 55;) [4, Ni(@] m@), S@)depdio),

. ( b )’5 J7 7 005 No((6:,60;), miy , 55) [, Nk (6] m®), S@))dgpdb;0;
U \b+2 :

S22 [120:0; No((63,6;), mis . 55;) [4 Ni(p| m®, S@))depdo;0,

(59)

fort=1,... )kand j=1,... k.

5 Numerical Illustration

Although the procedure proposed in this paper has been developed for
any number of parameters, the illustrative examples considered in this sec-
tion deal just with eliciting bivariate distributions. Besides the fact that
the bivariate case is already challenging enough and computationally inten-
sive, we need to learn how the procedure works in two dimensions better
before attempting higher dimensions. Moreover, the elicitation of bivariate
distributions is by itself quite important in many practical situations.

In the two examples in this section we chose which joint probabilities
to elicit based on already knowing the true distribution. This ensured that
we obtained probabilities able to capture the main features of the true dis-
tribution such as modes, saddlepoints, heavy tails, etc. Our examples show
that our approach is capable of identifying realistic joint distributions using
a realistic number of elicited probabilities, at least if those probabilities are
well chosen. The complexities of a serious practical elicitation are beyond
the scope of this article, but will be addressed in a forthcoming paper which
begins to demonstrate that effective elicitation can indeed be achieved in
practice using our methods.
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5.1 Example 1: Bimodal density

We suppose that the expert has the following density function for 8 =
(61, B9) proposed in O’'Hagan (1994) and given by

ooy =0ax N([o) |7 gi]) vosn([5]- o3 b3]) @

Four regions containing important features of this density such as sad-
dlepoint and modes were identified and we suppose that the expert assesses
their probabilities accurately. The probabilities are P{0 < #; < 1,0.3< 0y <
1.5} = 0.12, P{0 < 0, < 1.2,1< 0y <+o0} = 0.11, P{1.2 < #; < 2,1.5<
0y <+oo} =0.21 and P{2 < 6; < +00,1.5< 6y <+oo} = 0.14. Besides, the
expert provides the marginal quartiles for 6, given by 0.15, 1.0, and 1.7; and
for 6, given by 0.2, 1.4 and 2.2. With this information we can compose the
data set with ten probabilities as D = {0.25,0.25,0.25,0.25,0.25,0.25,0.12,0.11,
0.21,0.14}.

After generating the values of hyperparameters m, 3, b by MCMC a
computer algorithm is performed and the posterior mean function of Gaus-
sian process is constructed as a best elicited distribution for the expert density
f(-). The plots of the expert density f(-) and the analyst’s expected density
are shown in Figure 1.

Figure 1 shows us that although the analyst’s prior beliefs indicate a
unimodal shape for f(-) the data elicited from the expert are sufficiently
informative to yield a bimodal analyst’s expected density very close to the
expert’s density.

Figure 2 displays both expert’s and analyst’s expected density contours
of f(+) in order to give us a visual comparison of how accurate the fit is.

The contours of the analyst’s expected density agree very well around
the main mode while they are just reasonable around the second mode. The
analyst’s density seems to provide an adequate representation of the expert’s
beliefs.

We also note in the contour plot a little influence of the normal prior
mean function proposed in the analyst’s prior beliefs. This is caused be-
cause we have not had a sufficient number of judgements of @ around the
saddlepoint and because of the small number of elicited joint probabilities.
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Figure 1: Plots of expert’s density (a) given by (60) and analyst’s expected
density (b).

Thus, our procedure is able to capture with a good accuracy the most
important features of the expert’s distribution by just making use of a small
amount of data, allowing us therefore to validate our procedure.

One way to assess the accuracy of fitting can be made through the
posterior variance function given in (29) which is plotted in Figure 3 along
with contour plot.

Another indicator is provided by the contours of fifth and ninety-fifth
percentiles of the posterior distribution of f(-) are plotted in Figure 4 where
dotted lines indicate the level curves of 5th percentiles and solid lines indicate
level curves of 95th percentiles. The percentiles allow the analyst to describe
the uncertainty surrounding the density f(-). Very small differences between
the two bounds correspond to low uncertainty about the density function
value. On the other hand, large differences will imply that the remaining
uncertainty is still large.

Figure 4 shows that the elicited data have not identified the expert’s
density without some appreciable posterior uncertainty. After the expert’s
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Figure 2: Contours of the analyst’s expected and expert’s densities.

joint density is derived, the analyst might be interested in having more de-
tails about her joint density such as moments and marginal densities. We
have seen that the possibility to obtain the marginal densities is an interest-
ing result provided by our approach. From expert’s joint density (60) the
marginal densities are given by

f1(6) = 0.4 x N(0,0.5) + 0.6 x N(1.5,0.5) (61)

and

fo(62) = 0.4 x N(0,0.5) + 0.6 x N(2,0.5) (62)

To visually assess how good the estimation is, we plot the expert’s and
analyst’s posterior marginal densities in Figure 5. Also plotted are the 5th
and 95th percentiles from the distribution of the density function indicating
pointwise 90% credible intervals.

Figure 5 shows that the marginal distributions have been captured
well by the elicitation procedure. The example is a challenging one not just
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Figure 3: Variance of the posterior Gaussian process given in (29).

because the joint distribution is bimodal (which will be unusual in practice)
but because this bimodality gives a bimodal margin for #; but not for 6;.
Nevertheless the 6; margin has a shoulder which is nearly a second mode.
The analyst’s posterior nicely shows these features, where it is quite clear
about the bimodality of ; but more equivocal about 6.

Marginal and joint cumulative functions can also be derived through
our approach. Based on the estimated cumulative functions we can derive
the estimated probabilities of ‘elicited’ regions in order to compare them with
the probabilities supplied by the expert. To visually determine whether the
expert’s knowledge has been elicited adequately, we can examine the plots of
marginal cumulative distribution functions as shown in Figure 6.

From marginal densities (61) and (62) the marginal distribution func-
tions are given by

Fy(z) =04 x & (2]0,0.5) + 0.6 x &y(z|1.5,0.5) (63)

and
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Figure 4: Contours of 5th and 95th percentiles for the density f(-).

Fy(y) = 0.4 x ®1(y]0,0.5) + 0.6 x 1(y]2,0.5) (64)

These plots clearly show a better accuracy of the estimated marginal
distribution functions than the densities. This was expected since in the
Oakley and O’Hagan (2007) approach the distribution function F'(z) exactly
interpolates the expert’s judgements. Thus, the uncertainty goes down close
to the judgements.

From the posterior means of the moments given in Section 4.5, the
summaries of expert’s density can also be evaluated. The estimates of mean
and variance of the distribution of 8 are compared with the true values and
shown in Table 1.

Table 1: Marginal and joint moments of (0 , 65)

measures | Exact Values | Analyst’ expected values
E(6y) 0.9 0.905 (0.031%)
E(05) 1.2 1.199 (0.049%)
var(6,) 1.04 1.150
var(fy) 1.06 1.935

cov(0y, 65) 0.9 1.199
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Figure 5: Plot of analyst’s and expert’s marginal densities.

* standard deviation

If we are interested in the expectations p; = E(0;) or us = E(6y) our
approach allows us to obtain this information with good accuracy. Variances
and covariances can also be estimated by this procedure with good accuracy.
By Figure 8 and Table 1 we can observe that four joint probabilities have
provided enough information about the structure of dependence between the
variables and, hence, the covariance was obtained with good precision. This

is a difficult task to carry out and very important information in the modeling
of multivariate distributions.

5.2 Example 2: Strictly positive variables with skew
density

In this example we will illustrate a situation in which 6, and 6y are
positive variables and the expert’s density has strong skewness. We assume
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Figure 6: Plot of analyst’s and expert’s marginal function distributions.

a bivariate Lognormal distribution for 6 = (6, 63) as the expert’s density
given by

(log by, log 62) ~ N ({238] ! {00.615 06.0151) (65)

Suppose now that the expert provides a probability assessment for
marginal 6, giving quartiles: 13.3, 16.5 and 20.4; and for Ay: 16.3, 20.1
and 24.9. She also provides three joint probabilities given by: P{0 < 0; <
20,0< 0y < 14.7} = 0.15, P{0 < 6; < 134,14.7< 6, < 25} = 0.15and
P{19 <6, <35,18< 0, <37} = 0.25.

Figure 7 shows the plots of the expert density f(-) and the analyst’s
expected density.

Although a normal density for the prior mean function is not an ap-
propriate choice in the case where both variables #; and 6, are known to be
positive, our procedure has provided a good fit for the expert’s density. We
can observe this good fit in Figure 8, where both analyst’s expected and
expert’s density contours are plotted.

28



JH
il
!';"0""'0".
‘!,'I,'I l'.

) \\}
‘\‘k\&\‘\‘

.
RN
) AR
AR ) RN
(XA RN
'"'z'1:0.,’.:0:0:0:0:0:0:0:0::::‘::2‘\:33 N ':':’o’o:o:o:o:o:‘:o‘o:::“:tt‘\: o ‘\\g‘&g‘t\“ﬁ\S\\&
AKX KA
""‘3“"~‘~2:!:‘$§:3:t;:1'$:1“‘““‘ :‘;‘;.;.'a,»‘.:.0.\»5:,‘:‘.;,:\‘:\\:\\:
XXX AKX

S
R R
R R

Figure 7: Plots of expert’s density (a) given by (65) and analyst’s expected
density (b).

We can also visually assess the remaining uncertainty associated with
the density f(-) by plotting the contours of 90% credible interval bounds as
shown in Figure 9.

From the expert’s joint density (65) the marginal distributions are given

by

logb, ~ N(2.8,0.1) and logfy ~ N(3.0,0.1) (66)

An inspection of the posterior mean of marginal densities in Figure
10 shows a good estimation of the expert’s densities. Nevertheless, we can
observe that the uncertainty surrounding the tails increases slightly.

In order to examine the accuracy of the point estimates of moments
(means, variances and covariance) we compare them with real values given
in Table 2. We can observe a reasonable accuracy of these estimators.
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Figure 8: Contours of the analyst’s expected density and expert’s density.

Table 2: Marginal and joint moments of (0, , 05)

measures | Exact Values | Analyst’ expected values
E(6) 17.288 16.136 (1.254*)
E(6,) 21.115 19.611 (1.515%)
var(6y) 31.432 31.429
var(6y) 46.891 46.385

cov(by, 0s) 18.716 26.693

* standard deviation

6 Conclusion

Eliciting joint probability distributions from experts is a difficult prob-
lem but an important one. Previous work in the literature has been reviewed
by O’Hagan et al (2006), and suffers from a number of restrictions. There are
various methods based on assuming that the expert’s distribution lies within
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Figure 9: Contours of 5th and 95th percentiles for the density f(-).

a particular family of multivariate distributions (e.g. the multivariate nor-
mal family), and then eliciting enough summaries from the expert to identify
the parameters of this distribution. Our approach does not make any such
assumptions, and indeed is fully nonparametric. We do use a multivariate
normal distribution as a prior expectation, but simply on the basis that it
is reasonable to suppose that the expert’s distribution is not too dissimilar
to such a standard parametric form (and other forms can be used). Never-
theless, as we have seen particularly in our first example in Section 5, the
method can adapt to expert opinions that do not fit this prior expectation.

Some authors have allowed the marginal distributions to be arbitrary,
but have assumed a specific copula form to convert these to a joint dis-
tribution. Again, this is a restrictive assumption that is not made in our
approach. Also, such methods typically require the direct elicitation of cor-
relation measures from the expert, and the psychological literature suggests
that this is not a task that experts can perform reliably. Other approaches
have required the elicitation of moments, which have the same psychological
difficulties. Our method can make use of elicited moments if these are felt
to be reliable, but is based primarily on eliciting just probabilities.

Finally, all other methods result in just a single fitted distribution
to represent the expert’s elicited summaries, with no indication of uncer-
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Figure 10: Plot of analyst’s and expert’s marginal densities.

tainty, yet it is clear that no matter how many elicited values have been
obtained from the expert they cannot be enough to identify a joint distri-
bution uniquely. Our approach makes use a realistically small number of
elicited probabilities and characterises uncertainty around the ‘fitted’ distri-
bution (the analyst’s posterior mean) by the posterior variance (and indeed
a full posterior distribution).

We believe therefore that our approach is uniquely suitable for the prac-
tical elicitation of expert knowledge about two or more uncertain quantities,
particularly when there is no strong reason to believe that that knowledge can
be represented by a particular parametric family. There are, nevertheless, a
number of outstanding issues to be addressed.

Foremost among these is the practicality of the approach in serious elic-
itation. We have demonstrated it here only in some hypothetical examples,
which have been enough to demonstrate its power to represent expert opinion
adequately given only a modest number of elicited probabilities (and, impor-
tantly, only a small number of joint probabilities). A forthcoming paper will
offer a strategy for practical elicitation and a serious practical example. How-
ever, much more practical experience would be required to assess its viability
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in a range of elicitation contexts.

Another important limitation of the present work (and of the forth-
coming paper) is that we have only tried the method for bivariate elicitation.
Eliciting a joint distribution for three or more uncertain quantities will be
more demanding, of course. Nevertheless, even if higher dimensions prove
to be intractable, we believe that a method to elicit bivariate distributions
which addresses all the deficiencies listed above of existing approaches is a
major step forward in the field.

Our method is a generalization of that of Oakley and O’Hagan (2007),
which has one deficiency in that the analyst’s posterior distribution does not
enforce the natural requirement that f(@) > 0 for all 8. In practice, this is
rarely a problem because the elicited probabilities ensure that the posterior
probability of the expert’s density being negative at any point is small. For
instance, in the first example of Section 5, the variance plotted in Figure 3
gives a posterior standard deviation which is comfortably less than half of
the posterior mean plotted in Figure 2. If negative density is an issue, then it
can be addressed in practice by using the approach of simulating realizations
of f(-) as described in Section 4.2 and rejecting realizations that become
negative.

We should also mention that our method assumes that the expert can
accurately assess the probabilities that the analyst requests. In practice, of
course, the expert’s judgement of such values will be fallible, and so there is
another element of imprecision in the elicitation which our analyst’s posterior
distribution does not account for. This is another question that is briefly
addressed by Oakley and O’Hagan (2007) in the univariate case, but which
would benefit from much closer study.

In conclusion, our approach to multivariate elicitation uniquely allows
the expert’s true underlying density to have arbitrary form, does not make
unrealistic demands of the expert and incorporates an assessment of the un-
certainty in the fitted distribution. We have shown that it has the potential
to achieve an adequate representation of the expert’s distribution in realistic
bivariate examples. There are a number of outstanding issues to be ad-
dressed, and in particular ongoing work aims to provide a practical protocol
for using the method in bivariate elicitation.
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Appendix: proof of results

In this Appendix we provide some formal proofs of the results used in
this paper.

A1l. Distribution of data supplied by expert

In Section 3 it is established that the expert’s summaries composing
the data D are normally distributed. We formalize this with a detailed proof.

Since f(-) has a Gaussian process distribution and P4 = [, f(6)df is a
linear functional of f(-), then distribution of P, is normally distributed with
mean

E(PAya):/AE[f(e)ya]dez/Ag(e)de:ANk(e|m,z)d9 (A1)

and variance obtained from:

cov(Py , Py | ) = // cov[f(0), f(P)| a]dOde = o? // ¢)d0de =
el 1//*69@{ S0 —m)'s 70— m) + (¢~ m)'s (g~ m) +
%(0 % }d@dqb (A2)

After some algebra, (A2) can be rewrite as

0'2 1 1
con(Pa, Pacle) = e 211 [ [ 187 bean{=510.0) — (m.m))s 1 (0.9) -

)
~ (m,m)]" } d6do (A3)

that is,

cov(PA,PA*|a)202|E|1|S|§AA*NQk((0,¢)]M,S>d6d¢, (A4)
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where M = (m,m) and S™! = {

14b 1
V= { b, H?,} and denoting the Kronecker product. Now, S~! =V~ ®
b b
¥~ implies

S=—(les ) =ven= |5 Hj|les= [T RS A5
=(V7ey )T =Veri= " if|er= 4 1_-1—132(>

24+b  2+b 2—|-bZ 2+b

From properties of the Kronecker product |S| = |[V@X| = [V [¥|$]%. But

k
_ 1 _ z _ k k 2
BISIE = (B VIFISE = SRS = VIE = ()]

then

cov(Pa, Pa-

@) =o' (;15) [ [ vat.0) 0510000 (0

A2. Posterior distribution for the hyperparameter o

The posterior distribution for the hyperparameter o is given by o2 | m,
2
3,b, D ~Inv-gamma(v = %, f = %) where s* = (D —H)'W YD —H).

proof: From eq. (11) the likelihood function for ¢ is obtained as

L (D mywyp- H)} (A7)

202

1
L(o*|m,%,b, D) —exp{
O—n

and using the prior 7, (0?)ox % the posterior density for o2 is then given by

L Qmp{—i(p YWD — H)} (A8)

2
p(o* | m, b, D) o —eap{ 5

that is,
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1 nS?
2 _
p(c”|m,3,b,D) = s exp{—fiz} . (A9)
where s> = (D — H)'W (D — H) and ¢! = [ #exp{—’%j}dag =

<%> ! ea:p{ n82}. (A10)

p(0'2|m727b,D): F(ﬂ) ont2 _ﬁ
2

A3. Posterior distribution for marginal prior densities

In this Section we derive in full detail the posterior distribution of the

expert’s marginal densities f;(6;)= f(0)do_;.
Rok—1
Now, since the posterior distribution f(-)|D,a is a Gaussian process
distribution then the posterior distribution of fw,l f(0)do_; is also a Gaus-

sian process distribution with mean function given by
BL0)|D.] = [ E[j0)|D.adt = gi0)+ [ w0y WD - o,
" ! (A11)
Because the vector W~ (D—H) does not depend on 6 then £(6)'W (D
— H) is linear function of ¢(0)" and consequently,
E[fi(0:)] D, ] = gi(6:) + t:(0,)'W ™' (D — H) (A12)

where ¢;(0;)= [5_1 £(0)'d0_;. Now, from (20), 0*t(8)= cov|f(0), D|a] is a

vector with elements

cou[f(0), Pa|a] = 02(HL2)§ANQk((9, o) | M. s)d¢ (A13)
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where M = (m,m) and S = [b+22 lgﬁz] =V@XwithV = {iﬁb %_fg].
b2 b2 b 2+b

Therefore, t;(0;) has elements given by

1A(6,) = (b%) /A [ /gR  Na((8.9)] M. 5)d0 ] e (Al4)

The interior integral in (A13) is the marginal density of the random vec-

1+b0.2 1 Zt
tor (0;, ¢) distributed as Ny 1 (Mi, Si) where M; = (m;,m), S; = [2“’22 Z#’bi}

240 24b
and X! = (014,09, ...,02,...,04). Consequently, the elements of vector t;(6;)

will be given by

k
000 = (75) [ Nea (05 0)1 18, 5)dos (A15)
Due to (6;,¢) ~ Nk+1(Mi,S-) then 6; ~ N1<m,,;ilb)a2) and ¢|0; ~
Nio(m(6:), 57) with m(6;)= m + 55 (0, — m)E; and 57 = ;_Lg(g _
1
(1+b)2 22 Zt)

Thus, by writing N, (Mi, Si) as a product of these marginal and con-
ditional densities we have

L3

b
b+2

1+b ,

t;“(ei)z( )2N1(9i\mi,2—+bai)ANk(¢\m(9i),Sj)d¢. (A16)

The covariance function of the GP is derived as follows:

Cou[i(8:), £i(6)) | D, A B /m ~ Coulf(6), £(9) | D, a0 g,
(A17)

and from (4) and (22) results in
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Cou[.(62), f(62) |D.ad] = 0? / 9(0)g()c(6, $)d0_dep_, —

Rk—1

P / £(0)'W't()dO_; d_.,. (A18)
ng—l

Because the prior covariance can be written as g(6)g(¢)c(0, ¢)=

(M) No ((9, o) | M, s), the first integral will be

/w /9(e 9 0,$)d0_;d¢_; = (bizy/% ERHNQ,C((e,qz))|1\47s)d¢9,idq[,ﬂ.

that is the marginal of (6;, ¢;). Therefore,

[ [ s@u@1c0.0)0-sd. = (5-5) Na((01.00 V).
(A19)
L4b L]

where m; = (m;, m;) and V = {24{1’ adi
246 240

Writing this bivariate normal density as the product of marginal density
of #; and conditional density of ¢; given 6; the resulting integral is

k
/W /g{e X P)d0_,dp_, = (H%)ZNI(Qﬂmi,zi—;a?)Nl(

@)c(9,
0; +b b
¢‘b+1( + bma) h+1 "

Again, because g(0)g(¢)c(0, ¢) can be written as (b%) E‘N% ((0, )| M, S)

for 2k-multivariate normal we can also write the product ¢;(6;)g;(¢;)c;(0; , ¢;)
as function of the bivariate normal distribution given in (A18), that is,

1

9i(0:)gi(@i)ci(0i, ¢i) = ( >§N2<( ih i) | g, ZV> (A21)

b+2
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Indeed, just consider k = 1, 3 = o? and m = m; for M and S given in
Section 4.4. Therefore, from (A18) and (A20) the first integral in (A17) is

k—1

/m 1/9% 9 (0, 9)d0_;de_; (%)29@.(@)92-(@)61.(9“@),
(A22)

The second integral in (A17) is easily obtained as

/WI/WI[/W?I /%Ht( WH(@)d0 | dé_ /w 1/w 1 (¢)d_. =

(A23)
=1t;(0;)' W~ 't;(5).
Finally,
Cov [fi(ei) , fildi) | D, 04] =0’ [Ci(eia ¢i) — tz’(ei)twflti(@) : (A24)

A4. Posterior distribution for expert’s distribution func-
tions

Since the analyst’s posterior distribution of f(-) is a Gaussian process
then the posterior distribution of F(x f f(0)do is also a Gaussian
process with mean function

i E[f(6)|D,a]dd = /m g(0)do + /m t(0)'W YD — H)de

-0 -00

B[F@)|D.o] - |

-0
xT

= Op(x|m, %) + / t(0)'W YD — H)d0 = (x| m,%) +t*(x)'W (D - H)
. (A25)

where the vector ¢*(x)= [*_ ¢(8)d6 has clements obtained from (A12) as

b+2 / /N% (0,9)| M, S>d9d¢ (A26)

41



The covariance function is derived as

Cov[F(x), F(y)|D, o] //Cov (®)| D, d0d¢_a//
9(0)g(¢)c(6, ¢) — / / )}d@dgb (A27)

By using similar arguments to those used in the proof of marginal
densities, in Section A3, for both integrals above we arrive at

Cov[F(z), F(y)|D,a] =o” [<l)+—2 g[:[:Nzk<(9,¢)]M,S)d0dq§—

)" () |0,5) — (@) 8 ()]
(A28)

b

(e

A5. Posterior distribution for moments of 6

Since f;(0;) given D has a Gaussian process distribution and h(6;)= 0 is
a known function of 6;, then h(6;) f;(0;) is also a Gaussian process, conditional
on . Besides, the integral fj;o h(0;)f:(0;)d0; is a defined linear functional

of h(6;)fi(0;) and therefore /LET) is a normally distributed random variable.

The analyst’s posterior mean of ,ugr) is derived as:

+o00
Bl D.o] = [ B[40 a]db: (A29)

—00

where the marginal mean function is given in (A14). Thus, (A28) becomes

+00 +o0
E[MZ(T) | D,a} :/ 07 g:(6;)do; +/ 07t,(0,)W (D — H)db; =

e} — 00

“+oo
:/ 070:(6,)d6, + (£ W (D — H), (A30)

o0
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where ") = [0 0rt:(6;)db; is a vector.

From equation (A14) the elements of vector ¢ ") Will be given by

<b+L2)§ /:o 0; [/A Ni+1((6:,9)] Mi’si)dqb] ;. (A31)

The density Ny ((92, o)| M;, S; ) can be written as a product of marginal
density of ¢ ~ Ny (m HbZ) and the Condltlonal density 0; | ¢ ~ Ny (m},07?)

) 94b m;, 0y
s o 4 24byiiy 2 24byrty-1
where mj = m; + FENIN " (¢ — m)and 07° = 07 — NN 'Y; Therefore,

(A30) becomes
by +009N 0; *2)db; | N, 1—+b2d = (A32)
(712)" [1] omoim.o)an] vi(oim. myig =

where (@) = [ 07N, (6;| m;

And finally, the posterior variance of marginal moments is obtained as

0*2) do;.

177

+oo +o0o
var [/‘z('r) | D, 0‘} = Cov [Nz('r)v sz | D, 0‘} = / / 0; ¢;Cov [fi(ei) , fi(@i) |

From egs. (36) and (38) the variance is
(") e
warli?1D.a) = [(5) T [ [ ooa0atea 0o -

+oo  ptoo
. /_ /_ egfgb;”ti(el-)tW*lti(@)deid@}. (A34)

The first integral in (A33) is calculated as

()" [ mtseiatorco opanan = ()" [ [

0; ¢ Ny (i, o7 V) dO;dp; (A35)
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and the second integral is given by

/ N / N ik Wi ti(00)dbids = / - ¢ [ / :o 0; [ti(ei)}tdei} W
t(6:)des = (6] W [ o0 = (€)W A5

Therefore,

g +o00 400
varl Do) = [ (555)" [ [ oroiNatme vy ando — (1) W)

(A37)

b+2
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